Let φ :C → C be an unramified morphism of plane affine curves defined over a number field K. In this paper we obtain a quantitative version of the classical Chevalley-Weil theorem for curves giving an effective upper bound for the norm of the relative discriminant of the field K(Q) over K for any integral point P ∈ C(K) and Q ∈ φ −1 (P ).
Introduction and Statement of Results
In this paper we revisit the classical theorem of Chevalley-Weil for unramified maps [2] , [18] , [7, Theorem 8.1, page 45] , [4, page 292] , [14, pages 50 and 109] . This theorem has quite interesting applications to the study of integral points of algebraic curves [1] , [14, Section 8.4] , [6, Chapter VI] and [5, §1] . Partial quantitative versions on it have been used for the effective analysis of integral points on some families of algebraic curves [10, 12] . Note also that an interesting alternative application of the unramified maps in the study of Diophantine equations is given in [3] .
Let K be an algebraic number field and O K be the ring of integers. In this paper we deal with the following version derived from [14, page 109]: If φ :C → C is an unramified morphism of affine plane curves defined over K, then there exists a finite extension L/K such that φ −1 (C(O K )) ⊆C(L). More precisely, if Q ∈ φ −1 (P ), where P ∈ C(O K ), and K(Q) is the field generated over K by the coordinates of Q, then we calculate, following a new approach, an effective upper bound for the norm of the relative discriminant of K(Q) over K, depending only on C,C, and φ.
We consider the set of standard absolute values on Q containing the ordinary absolute value | · | and for every prime p the p-adic absolute value | · | p with |p| p = p −1 . By an absolute value of K we will always understand an absolute value that is an extension to K of one of the above absolute values of Q. We denote by M (K) a set of symbols v such that with every v ∈ M (K) there is precisely one associated absolute value |·| v on K. For v ∈ M K , we denote by K v and Q v the completion of the indicated field with respect to the absolute value | · | v . The local degree at v is given by
. Let x = (x 0 : . . . : x n ) be a point of the projective space P n (K) over K. We define the field height
Let d be the degree of K. Then we define the absolute height H(x) by H(x) = H K (x) 1/d . Furthermore, for x ∈ K we put H K (x) = H K ((1 : x)) and H(x) = H( (1 : x) ). If G ∈ K[X 1 , . . . , X m ], then we define the field height H K (G) and the absolute height H(G) of G as the field height and the absolute height of the point whose coordinates are the coefficients of G (in any order). Given v ∈ M (K), we denote by |G| v the maximum of |c| v over all the coefficients c of G. For an account of the properties of heights see [17, chapter VIII] or [7, chapter 3] .
Let K be an algebraic closure of K. Recall that a morphism φ :C → C of algebraic curves is said to be unramified, if it is finite, C is nonsingular and for every P ∈ C(K) the number of elements of φ −1 (P ) is equal to the degree of φ [15, page 117] . If M is a finite extension of K, then we denote by N M and D M/K the norm and the relative discriminant of M over K, respectively. For any subfield L of K, we denote by L[C] and L(C) the ring of regular functions and the function field of an affine curve C over L, respectively.
Let F (X, Y ) andF (X, Y ) be absolutely irreducible polynomials of K[X, Y ] with degrees deg F = N ≥ 2 and degF =N ≥ 2, respectively. We denote by C andC the affine curves defined by the equations F (X, Y ) = 0 andF (X, Y ) = 0, respectively. Let φ :C → C be a morphism of affine curves defined over K of degree m > 1 and φ 1 (X, Y ), φ 2 (X, Y ) be polynomials of K[X, Y ] such that φ(P ) = (φ 1 (P ), φ 2 (P )) for every P ∈ C(K). We set M = max{deg φ 1 , deg φ 2 } and we denote by Φ a point of the projective space having as coordinates 1 and the coefficients of φ i (X, Y ) (i = 1, 2). Theorem 1.1 Assume that C is nonsingular and the morphism φ :C → C unramified. Then, for any P ∈ C(O K ) and Q ∈ φ −1 (P ), we have
where Ω is an effectively computable constant in terms of N,N , M, m, d and ω is an effectively computable numerical constant.
Remarks. 1) By [15, Corollary 3, page 120], the curveC is nonsingular.
2) Since m > 1, the quantity M is > 1.
, the quantities H(F ) andN are bounded by constants depending only on F and φ. Thus, our bound can be made independent ofF . 4) Theorem 1.1 can be easily generalised for S-integral points. For simplicity we have chosen to present it only for integral points. The proof of Theorem 1.1 relies on the construction of two primitive elements u 1 and u 2 for the field extension K(C)/K(C) and polynomials P i (X, Y, U ) (i = 1, 2) of K[X, Y, U ] which represent the irreducible polynomials of u i over K(C) having the following property: The algebraic set defined by F (X, Y ) and the discriminants D i (X, Y ) of P i (X, Y, U ) (i = 1, 2) (considered as polynomial with coefficients in K[X, Y ]) is empty. Then we obtain a Bézout identity involving D i (X, Y ) (i = 1, 2) and F (X, Y ) and we deduce that when ℘ is a prime ideal of O K with large norm and (a, b) ∈ C(O K ) the ideal ℘ cannot divide both the discriminants D i (a, b) (i = 1, 2) and thus cannot divide the discriminat of every number field K(Q), where Q ∈ φ −1 (a, b). Thus, we determine the prime ideals of K which are ramified in K(Q) and so we calculate a bound for the norm of the relative discriminant of K(Q) over K. Note that the primes that potentially ramify in the various K(Q) are the primes of bad reduction. In specific instances, one can have better results, the goal was to show that some bound existed and to give its shape.
The present paper is organized as follows. In Sections 2, 3, and 4 we obtain some results which are needed for the proof of Theorem 1.1. More precisely, in section 3, we determine the irreducible polynomial of an integral element over the coordinate ring of an affine irreducible plane curve, in section 3 we obtain some results on polynomials without common zero, and in section 4 we give some auxiliary lemmata. Finally, the proof of Theorem 1.1 is obtained in section 5. Thoughout this paper, we denote by Λ 1 (a 1 , . . . , a s ), Λ 2 (a 1 , . . . , a s ), . . . effectively computable positive numbers in terms of indicated parameters.
Determination of an Irreducible Polynomial
Let F (X, Y ) be an absolutely irreducible polynomial in K[X, Y ] of degree N ≥ 2 and C be the affine curve defined by the equation F (X, Y ) = 0. Let m > 1 and n > 1 be the degrees of F in X and Y respectively. Further, we denote by x and y the coordinate functions on C. In this section we prove the following proposition which will be play an important role in the proof of Theorem 1.1: Proposition 2.1 Suppose that C is smooth. Let u be an integral element over
with coefficients in K such that P (x, y, U ) is the irreducible polynomial of u over K(C). Furthermore, we have deg p i < 5γN 3 and
Before to proceed to the proof of Proposition 2.1, we shall recall the notion of height of a polynomial over the function field K(C). Let Σ be the set of discrete valuation rings V of K(C) and Σ ∞ be the set of V ∈Σ with V ∩K(X) = V ∞ , where V ∞ is the discrete valuation ring of K(X) having as elements the fractions b(X)/c(X) with degb ≤ degc. If V ∈Σ and h∈K(C), then we denote by ord V (h) the order of h at V and by (h) ∞ the divisor of poles of the function h. We set
Thus we define an ultrametric absolute value on K(C). Furthermore, if
is a polynomial with coefficients in K(C), then we put
We define the height of A(X) over K(C) by
For the proof of the Proposition 2.1 we shall need the following lemmas.
Lemma 2.1 Suppose that C is smooth. Let u be an integral element over
Then the irreducible polynomial of u over K(C) has the form
where
Proof. Since C is smooth, it follows that the ring K[C] is integrally closed. Thus the irreducible polynomial of u over K(C) has the form
where g j (X) ∈ K[X] (j = 0, . . . , ν) and g 0 (X) = 0. Without loss of generality we may consider that the polynomials g j (X) are relatively prime. Since
whence it follows
. ., r(i)) be the rings of Σ lying above the discrete valuation ring of K(X) defined by X − b i and e i,j be the ramification index of V i,j . The divisor of poles of 
The leading coefficient of q(X) is 1 and if q(X) = 1, then its roots are among the roots of the discriminant of
Let q h (X, Z) and F h (X, Y, Z) be the homogenizations of q(X) and F (X, Y ), respectively. Since F (X, Y ) is absolutely irreducible, {F h , q h } is a regular sequence. So, by [16, Proposition 2] , it follows that we can take
Lemma 2.3 Let a j,s ∈K (j = 1, . . ., q, s = 1, . . ., p). Suppose that the homogeneous linear system
has rank r. If the system has a solution x 1 , . . ., x p ∈K with x t = 0, then there is a solution y 1 , . . ., y p ∈K with y t = 0, such that for every absolute value |·| v of K we have
If a j,s ∈O K (j = 1, . . ., q, s = 1, . . ., p), then there is a solution y 1 , . . ., y p ∈O K with y t = 0 such that for every absolute value of K the above inequality holds.
Proof. We may suppose, without loss of generality, that the matrix M = (a i,j ) 1≤i,j≤r has rank r. Thus, the above system is equivalent to the system
where ∆ = det M and ∆ i,j (i = 1, . . ., r, j = r + 1, . . ., p) are minors of order r of the matrix (a i,j ). Hence, ∆ i,j ∈K and
. ., r, j = r + 1, . . ., p). If 1 ≤ t ≤ r, since there is a solution x 1 , . . ., x p with x t = 0, we obtain that there is s∈{r + 1, . . ., p} such that ∆ t,s = 0. Thus, a solution of the system with the required properties is given by
r).
If r + 1 ≤ t ≤ p, then the required solution is given by
Proof of the Proposition 2.1. By Lemmata 2.1 and 2.2, there is a polynomial
We set b r,i = p r (x i , y i ) and consider the homogeneous linear system We have
and using [11, Lemma 7] we obtain
Further, we have
and therefore p r (x, y) = q r (x, y). Thus, we can take p i (X, Y ) = q i (X, Y ) and if Q is a point of the projective space having as coordinates 1 and the coefficients of q r (X, Y ), then H(Q) = H(R). The lemma follows.
Polynomials with no Common Zero
Let φ :C → C be an unramified morphism of affine plane (irreducible) curves defined over K of degree m > 1. Since the morphism φ is finite, the homomorphism φ
, is injective and is extended to a field homomorphism φ * : K(C) → K(C). We also identify K(C) with its image into K(C). Let x, y be the coordinate functions on C andx,ȳ be the coordinate functions onC. Suppose that the curve C is defined by the polynomial F (X, Y ) ∈ K[X, Y ]. Let u ρ =ȳ + ρx, where ρ ∈ K, and
is a polynomial of K[X, Y, U ] such that P ρ (x, y, U ) is the irreducible polynomial of u ρ over K(ρ)(C). We have µ(ρ) ≤ m. We denote by Π the maximum of the degrees of the polynomials p ρ,j (j = 1, . . . , µ(ρ)) and by R the degree of P ρ (x, y, U ), considered as polynomial in ρ. Proof. Let V ρ be the set defined by the equations
Since the polynomial P ρ (x, y, U ) is irreducible, it follows that F (X, Y ) does not divide D ρ (X, Y ) and so the set V ρ is finite. We have deg D ρ (X, Y ) ≤ (2m − 1)Π and so Bézout's theorem implies that |V ρ | ≤ (2m − 1)N Π. Let r ∈ K. Suppose that V r is not empty and let (α r,j , β r,j ) (j = 1, . . ., s(r)) be all its points (hence D r (X, Y ) is not a constant). Then for every j = 1, . . ., s(r) there are m distinct points (a r,j,i , b r,j,i ) (i = 1, . . ., m) ofC with φ(a r,j,i , b r,j,i ) = (α r,j , β r,j ) and ζ r,j ∈Z such that a r,j,k ζ r,j + b r,j,k = a r,j,l ζ r,j + b r,j,l , for k = l. Hence P ζr,j (α r,j , β r,j , U ) has exactly m distinct roots and so D ζr,j (α r,j , β r,j ) = 0. It follows that the degree in ρ of D ρ (α r,j , β r,j ) is ≥ 1 and so we obtain that D ρ (x, y) is not independent from ρ.
If D ρ (x, y) is independent from x and y, then there is e ∈ K such that D e (x, y) = 0 and hence P e (x, y, U ) divides its derivative with respect to U which is a contradiction. So, D ρ (x, y) is not independent from x and y.
The degree in ρ of D ρ (x, y) is ≤ (2m − 1)R. So, for every j = 1, . . ., s(r) there are at most (2m − 1)R integers ρ with D ρ (α r,j , β r,j ) = 0. Also, there are at most (2m − 1)R integers ρ such that D ρ (x, y) is independent from x and y.
Thus, there is a set A ⊂ K with |A| ≤ (2m − 1)R((2m − 1)N Π + 1) such that for every t ∈ K \ A with t = r we have D t (α r,j , β r,j ) = 0 (j = 1, . . ., s(r))) and D t (X, Y ) is not a constant. So, the polynomials D r (X, Y ), D t (X, Y ), and F (X, Y ) have no common zero.
We denote by Φ a point in the projective space having as coordinates the coefficients of F j (in any order) and we set δ = max{d
and c∈O K \ {0} such that
Furthermore, deg A j F j ≤ δ and for every archimedean absolute value |·| v of K we have
Proof. By [16, Corollary 3] , there are polynomials A j of K[X 1 , X 2 ] (j = 1, 2, 3), with deg A j = e j , such that
and deg A j F j ≤ δ. We put
and
Thus, the numbers a j,p1,p2 and 1 is a solution of the homogeneous linear system 3 j=1 kj +pj =sj f j,k1,k2 X j,p1,p2 = 0 (s 1 + s 2 = 1, . . ., δ),
The number of the equations of the above system is at most equal to (δ + 2)(δ + 1)/2. Lemma 2.3 implies that there is a non trivial solution b j,p1,p2 and c in O K with c = 0 such that for every archimedean absolute |·| v of K we have
where Φ is a point in the projective space having as coordinates the coefficients of F j (in any order). Furthermore, the polynomials
satisfy the equality
Suppose that F 1 is absolutely irreducible and does not divide F 2 . We denote by Φ the point in the projective space having as coordinates the coefficients of F 1 and F 2 (in any order) and put δ = deg
Furthermore, for every archimedean absolute value |·| v of K we have 
Next, working as in the previous lemma, the result follows.
Some Auxiliary Lemmata
In this section we give some lemmata useful for the proof of Theorem 1.1.
Proof. Put e = [Q(a) : Q]. Then a is a root of a polynomial P (X) = c 0 X e + · · · + c e with integer pairwise prime coefficients and c 0 > 0. So, c 0 a is an algebraic integer. By [7, page 54], we have Lemma 4.2 Let P and S be polynomials of O K [X 1 , . . ., X n ] \ K and R be its resultant with respect to X n . Put p i = deg Xi P and s i = deg Xi S (i = 1, . . ., n) . Suppose that R = 0. Then deg Xi R ≤ s n p i + p n s i (i = 1, . . ., n − 1) and
If R, P, S are points in the projective space having as coordinates 1 and the coefficients of R, P , S respectively, then the above inequality holds with the quantities R, P, S in the places of R, P , S respectively.
Proof. Write
, where Π i (X 1 , . . ., X n−1 ) (i = 0, . . ., p n ) and Σ j (X 1 , . . ., X n−1 ) (j = 0, . . ., s n ) are polynomials with coefficients in K. The resultant R is a homogeneous polynomial with integer coefficients of degree s n in Π i (X 1 , . . ., X n−1 ) and of degree p n in Σ j (X 1 , . . ., X n−1 ). Let |·| v be an absolute value of K. If |·| v is not archimedean, then
. ., X n−1 ) is a monomial of degree s n in Π i (X 1 , . . ., X n−1 ) and of degree p n in Σ j (X 1 , . . ., X n−1 ), then
Hence, we have the inequalities
Furthermore, from the definition of the resultant, we obtain that deg Xi R ≤ s n p i + p n s i (i = 1, . . ., n − 1).
Lemma 4.3 Let L be a finite extension of K of degree µ and be the set of prime ideals of
Proof. For every prime p and every prime ideal ℘ of O K dividing p we denote by e ℘ and f ℘ the ramification index and the residuel class degree of ℘ respectively. Furthermore, if P is a prime ideal of O L dividing ℘, then we denote by e(P/℘) and by f (P/℘) the ramification index and the residuel class degree of P over ℘ respectively. Finally, let ord P be the discrete valuation of L associated to P and ord p be the discrete valuation of Q associated to p.
By [9, Proposition 6.3], we get
If p > µ, then ord P (e(P/℘)) = 0 and hence a p ≤ µ − 1. Suppose that p ≤ µ.
We have
= (e ℘ / log p)
P |℘ e(P/℘)f (P/℘) log e(P/℘)
≤ (e ℘ / log p)µ log µ.
Hence, we obtain
where π(µ) is the number of primes ≤ µ. Since π(µ) < 2µ/ log µ, the result follows.
and we denote by Γ and γ the two points in the projective space having as coordinates the coefficients of G j (X, Y ) and g j (X, Y ) respectively. Then
where e = 1 if (r, u) = (0, 0) and e = 0 otherwise. 
Since G i (U, V ) = b i (pU + qV, sU + tV ) we have
If | · | v is an archimedean absolute value of K, then
If | · | v is a non archimedean absolute value of K, then |c S,T | v ≤ |b i | v . Thus, for every absolute value | · | v of K we have
The result follows.
Proof of Theorem 1.1
Since the morphism φ is finite, the homomorphism φ
, is injective and so we may identify K[C] with its image into K[C]. Thus, if x, y are the coordinate functions on C andx, y the coordinate functions onC, then x = φ 1 (x,ȳ) and y = φ 2 (x,ȳ). Further, the morphism φ * is extended to a field homomorphism φ * : K(C) → K(C). We also identify K(C) with its image into K(C). Thus, for every ρ ∈ K the function u ρ =ȳ + ρx is an integral element over K [C] .
Consider the polynomials
We have E(ρ, x,x, u ρ ) =F 1 (ρ,x, u ρ ) = 0.
We denote by G(W, X, U ) the resultant of E(W, X,X, U ) andF 1 (W,X, U ) with respect toX. Then G(ρ, x, u ρ ) = 0. If G(W, X, U ) is equal to zero, thenF 1 (W,X, U ) divides E(W, X,X, U ) which is not the case. Therefore, G(W, X, U ) = 0. By Lemma 4.2, deg X G ≤N , deg U G ≤ 2MN , and deg W G ≤ 2MN . For ρ ∈ K, we put G ρ (X, U ) = G(ρ, X, U ), E ρ (X,X, U ) = E(ρ, X,X, U ) and F ρ (X, U ) =F 1 (ρ,X, U ). Then Lemma 4.2 implies
On the other hand, Lemma 4.4 yields
where Φ is a point of the projective space having as coordinates the coefficients of φ i (X, Y ) (i = 1, 2). Therefore
. By Proposition 2.1 and the bound for the quantity H(G ρ ) we obtain that there is a polynomial
such that P ρ (x, y, U ) is the irreducible polynomial of u ρ over K(ρ)(C). Moreover, we have deg p ρ,i < 5N N 3 (i = 1, . . . , µ). Let P = (a, b) be a point in C(O K ) and Q ∈ φ −1 (P ). We consider the K(C)-embedings σ 1 , . . ., σ m of K(C) into an algebraic closure of K(C). We denote by Γ the set of integers ρ with σ i (u ρ ) = σ j (u ρ ) for i = j. Note that at most m(m − 1)/2 integers do not lie in Γ. It follows that for every ρ∈Γ we have K(C) = K(C)(u ρ ) and hence for every ρ∈Γ we have m = µ(ρ). Further, we similarly deduce that there are at most m(m − 1)/2 integers ρ ∈ Γ such that K(u ρ (Q)) = K(Q). Hence, there is r∈Γ with |r| ≤ m 2 /2, such that K(u r (Q)) = K(Q). Since P ρ (x, y, U ) divides G ρ (x, U ) and deg W G ≤ 2MN , we deduce that the degree of P ρ (x, y, U ), considered as polynomial in ρ, is ≤ 2MN . Thus, the degree in ρ of
Suppose that the polynomials D ρ (X, Y ) and F (X, Y ) have common zeros. Thus, Lemma 3.1 implies that there is t ∈ K with |t| < 21m
Let D ρ,1 be a point of the projective space having as coordinates 1 and the coefficients of D ρ . By Lemma 4.2, we have
We may suppose that one of the coefficients of F (X, Y ) is equal to 1. By Lemma 4.1, there are positive integers a ρ and b with
such that the polynomials a ρ P ρ (X, Y, U ) and bF (X, Y ) have all its coefficients in O K . Then the polynomial a D r , then it follows that L is not ramified at every prime ideal ℘ of O K which is not divide ηa r and so we deduce a sharper upper bound for N K (D L/K ).
